
Algorithms - Spring's

Shortest
Paths



Recap
-HW due today
- Next : over MSTrSSSPs

- No reading Monday
- Resume nextwed w/ readings



Next : Shortest paths
-

God :

given
S
,
teV , compute the

shortest path from
s to t.

Motivation : roads
vorting
cost

To solve this, we need to
solve a

more general problem
:

And shortest paths from s to every vertex-

-> t
Why ? - -on ?



Computinga SSSP.

(Ford 1956 + Pantzig1957)
Each vertex will storevalues.

(think of these as tentative
shortest paths. ) (dist, pred)

-dist(v) is length of tentative shortest
path Surv
(or o if don't have an option yet

- pred(v) is the predecessor of v on that
tentative path Suv (or NULL if none)

(D ,P (D ,9)
Initially :

10
,
0S se ,o->(u ,b)



We say an edgear is tense if
dist(n) +w(n-v)&

S SeX
->

EX :

**Initially :

>- O + 10 < AX

↳-
L

Here :
(d(u) ,Pi
-

In genera
I : ~bluer)①

DenumT



keyIdea for algorithm :

Find tense edges a relax
them : ·
-I
-

Then :

X

-
-

(0,a)
-

-

- i
sor



Claim : At any point
in time , dist(v)

-

is either is
or the length of

Suv walk.
some

Proof : Induction on while loop Hectors.

Base case : loopIteration 1
at beginning ,

I has dist=or

all others = 0

at end , shest dist
=o still,

tall neighborsa now have

dist(u) = w(seu) ,
which is a

length 1 walk . (Others are 20)



Ind hyp :

In iferation lit, the
claim is

true Call vertices
~ have dist(v)=3

or = lengthofa (2)
Ind Step :
In iferation k : At beginning, we

take out some vertex
U.

Po↳-
D By It, dist(u)->

U

-#- is the weight-
- 8(dist(v) ,p) wev) G of some susu walk.

Atend , all
ubrs v of are either

unchanged If so by If
are still

either N or length of susvwalk)↳



or nev was tense
,
a

now distv) = dist(n) +w(uer).

Since distlu) is a such walk,

then dist(v) is weight of the

walk (Suu) +-), which

is a walk with one more edge
at end
.

(All other vertices are unchanged,
So by
If are still of or

a suyu

walk) ⑭



Warm-up : Unweighted graphs-

-> use a quent
How does "fense" work?

Clint : think BFS ! )
I

s
.
10,
4) allbig of s

edges;..
have tense incoming

d(s) + w(s+u)
=0 +1A



What the heck is his token ??
quene

:

*
ef

u=it
-

nontene

-

[ distC . ↓ vertices
A

-e of



Lemma
-
At the end

of the ith Phase (when E

comes off thequee, for every
Vertex V,

either
· d(v) = 1

(not found yet)
or od(v)i

land vis only in queue
Eid(v) = i) .

Fl
- Ev ...-
-
Tevel if level i

↑roof : induction on phase
Base case : phase O : S's

ubus

⑪dis=0d(ssnbrs)
=all :1



InveHyp : Lemma holds

for phases -1

I : phose i : we
know by the

BFS tree
#when last phase ended ita
/ a
- dist= i-1T In this phase, any

-

C i -1

undiscoveredubr of level
What now?

it votex will go
at

end of queree



version
: DAGs
&that if directed + acyclic ?

Remember : helps to have all

"Closer" vertices done before

computing your distance.
Well

,
know something

about DAG-orders :

↳ topological order ! Only verticeswhich can

be in SP
v willit :

bebeforeO

edges
: later in ordering v



has dist-o
So
,
use it' all othersa

n
T
-

->
-

-

v



Dijkstra159) -> assume pos edges
(actually Leyzorek et al '57, Partzg'58)

Make the pag a priority queue :
Keep "explored" part of the graph , S

Finally , S= Es3 + dist(s)=0

Whi SV :elect mode veS with one edge from[ S

e= (u,v) , ueS

Call others NULL + C)

Stor with :

[ mir(dist(n) +writersonl
AddS ,

set distv)+pred)
Let's formalize this abit...



(w/ pas. edge weights!) )Correctnessansider the set S at any point in the
algorithm -
For each utS

, the distance dist(n) is the
shortest path distance

150 pred (n) traces ashortest path).

#f : Induction on 1S) :

Bcase : 1Sl=1 ~
dist(s)=0
-

#: Spps Claim holds when
1Sl = k- 1 .



End Step : Consider ISK= K :

algorithm is adding some v to S

V-S-Er]

⑧G⑳
minw



Bo'simplementation :
When v is added to S:

- look at vis edges and either insert

w with key dist(v) + w(v +w)
- or update wis key ,

If dist(v) + w(ve w)
beats current one



Analysis : Let u: be it
vertex

extracted from quere,
a let

di-value of dist (n .) When extracted .

Lemma If G has no negative edges,
-

then for all icj , di = dj.
Proof
Ex an i :

S

&
current best in keep



Lemma : Each vortex is extracted from
the

-

heap once (or
less)

Froof : Spps not
:

Uj

a
-.

o -
- ....

s V = 4 :
V =Uk

prev
lemme E know did

But :v was readded to queue

means some edge Up-V
became fense:



Runtime : In the end , runtime is

OCElog V) -

Why
decreasekey :
Insert :

ExtractMin :

Main downside :



Next Monday :

How to dad with negative edges !

Note:


